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INTRINSIC KNOTTING AND LINKING OF ALMOST
COMPLETE GRAPHS
JESSE CAMPBELL, THOMAS W. MATTMAN, RYAN OTTMAN, JOEL PYZER, MATT
RODRIGUES, AND SAM WILLIAMS
Abstract. We introduce new sufficient conditions for intrinsic knotting and
linking. A graph on n vertices with at least 4n−9 edges is intrinsically linked.
A graph on n vertices with at least 5n− 14 edges is intrinsically knotted. We
also classify graphs that are 0, 1, or 2 edges short of being complete partite
graphs with respect to intrinsic linking and intrinsic knotting. In addition, we
classify intrinsic knotting of graphs on 8 vertices.
1. Introduction
We say that a graph is intrinsically knotted (respectively, linked) if every tame
embedding of the graph in R3 contains a non-trivially knotted cycle (respectively,
pair of non-trivially linked cycles). Robertson, Seymour, and Thomas [RST] demon-
strated that intrinsic linking is determined by the seven Petersen graphs. A graph
is intrinsically linked if and only if it contains one of the seven as a minor. Since
knotless embedding is preserved under edge contraction [NT], work of Robert-
son and Seymour [RS] shows that a similar, finite list of graphs exists for the
intrinsic knotting property. However, determining this list remains difficult. It is
known [CG, F1, KS, MRS] that K7 and K3,3,1,1 along with any graph obtained
from these two by triangle-Y exchanges is minor minimal with respect to intrinsic
knotting. Recently Foisy [F2, F3] has shown the existence of several additional
minor minimal intrinsically knotted graphs.
We will say that a graph is k-deficient if it is a complete or complete partite
graph with k edges removed. In the current article we classify intrinsic knotting on
1- and 2-deficient graphs as well as graphs on 8 or fewer vertices. As each of the
intrinsically knotted graphs in these families contains as a minor K7, K3,3,1,1, or a
graph obtained from these by triangle-Y exchanges, we introduce no new examples
of minor minimal intrinsically knotted graphs.
On the other hand, we do introduce a new sufficient condition for intrinsic knot-
ting:
Theorem 1. A graph on n vertices (where n ≥ 7) with at least 5n − 14 edges is
intrinsically knotted.
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Moreover, we prove a similar condition for intrinsic linking.
Theorem 2. A graph on n vertices (where n ≥ 6) with at least 4n − 9 edges is
intrinsically linked.
Remark: Theorem 2 was conjectured by Sachs [S] in 1984.
Theorems 1 and 2 follow immediately from the following
Theorem 3. A graph on n vertices (where n ≥ 7) with at least 5n− 14 edges has
K7 as a minor.
Theorem 4. A graph on n vertices (where n ≥ 6) with at least 4n − 9 edges has
K6 as a minor.
Indeed, K7 is intrinsically knotted [CG] and if a graph G has an intrinsically
knotted minor, then G is intrinsically knotted [NT]. Similarly, as K6 is intrinsically
linked [CG, S], any graph containing it as a minor is likewise intrinsically linked.
Motivated by Sachs’s Conjecture, we found a proof of Theorem 4. Recently, we
learned that Mader [M1] had proved both Theorems 3 and 4 in 1968! As our proof
of Theorem 4 is quite different from Mader’s, we include it as Section 2 of this
paper.
In Sections 3, 4, and 5 we investigate 0-, 1-, and 2-deficient graphs respectively.
In each case we classify the graphs with respect to intrinsic knotting and linking.
(The classification of intrinsic knotting of 0-deficient graphs is due to Blain, Bowlin,
Fleming, Foisy, Hendricks, and LaCombe [BFHL].) In Section 6 we classify intrin-
sically knotted graphs on 8 vertices. (This classification was recently independently
presented in [BFHL].)
2. Proof of Theorem 4
In this section we prove:
Theorem 4. A graph on n vertices (where n ≥ 6) with at least 4n − 9 edges has
K6 as a minor.
We begin with some definitions. A graph G is a finite vertex set V (G) and edge
family E(G), and we mean G to be simple, connected, and undirected. A graph
is labeled Kn, and called the complete graph on n vertices, if every vertex in
the graph is adjacent to every other vertex. A graph H is a minor of a graph
G if H results from a finite series of edge contractions, vertex deletions, and edge
deletions on G. Two adjacent vertices x and y have a common neighbor z in G
if xz, yz ∈ E(G).
Proof: (of Theorem 4) We proceed using induction on n, the number of vertices
of our graph G. If n = 6, then G has at least 4(6)− 9 = 15 edges. Since K6 is the
only graph on 6 vertices with 15 edges, G = K6.
We now assume that any graph on 6, 7, ...n−1 vertices (with at least 4|V (G)|−9
edges) has a K6 minor. Let G be a graph on n vertices that has 4n−9 edges. (Note
that if |E(G)| > 4n− 9, then G has a minor on 4n− 9 edges which can be obtained
through edge deletions.)
If G has two adjacent vertices with less than four common neighbors, then con-
tracting their edge results in a graph on n − 1 vertices with at least 4n− 9 − 4 =
4(n− 1)− 9 edges. By induction, G has a K6 minor.
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Therefore, we may assume that each pair of adjacent vertices in G has at least
four common neighbors. This implies that every vertex in G has degree at least
five. Suppose every vertex in G has degree eight or more. Since the number of
edges is half the degree sum, this would mean G has at least 4n edges contradicting
our assumption of 4n − 9 edges. The remainder of the argument will focus on a
vertex a of least degree. That is, a ∈ V (G) and ∀v ∈ V (G), deg(a) ≤ deg(v). We
are left with three cases, deg(a) = 5, 6, and 7.
Suppose deg(a) = 5. Consider the subgraph H on the neighbors of a. Each of
the neighbors of a must share at least four common neighbors with it and, therefore,
has degree 4 in H . But then H is a simple graph with five vertices and 5(4)2 = 10
edges, i.e., H = K5. Thus, because a is connected to every vertex in H , the graph
on a and its neighbors is K6 , implying G has a K6 minor.
Now, suppose deg(a) = 6. Consider the graph H on the neighbors of a: v1, v2,
v3, v4, v5, and v6. Since every vertex vi must share at least four common neighbors
with a, ∀vi ∈ V (H), degH(vi) ≥ 4. It follows that H has at least
6(4)
2 = 12 edges.
However, we know that if |E(H)| ≥ 3|V (H)| − 5 = 3(6)− 5 = 13, then H contains
a K5 minor [B, Corollary 1.13], implying that G contains a K6 minor. So, we may
assume that H has exactly 12 edges and each vertex has degree 4. There is only one
such graph: a degree 4-regular triangulation on six vertices (see left of Figure 1).
Notice that H is K6 less the edges v1v2, v3v4, and v5v6. If we add back any of
Figure 1. A vertex of degree 6
those three edges H will have at least 13 edges, hence a K5 minor and then G will
have a K6 minor.
Let G′ be the subgraph formed from G by removing a and its six edges. Then
G′ has n − 1 vertices and 4(n) − 9 − 6 = 4n − 15 edges. Let G′ \ H denote the
graph obtained by removing the edges of H . We can assume that there is no path
in G′ \H from v1 to v2 , for otherwise, we can contract along the edges of the path
to form a minor in G of the form a+H ′ with H ′ = H ∪v1v2 having 13 edges. That
is, G would have a K6 minor. Similarly, in G
′ \H we can assume there is no path
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between v3 and v4, nor any path linking v5 and v6. This means that each vertex in
V (G′) \ V (H) is connected to at most three of the vertices in {v1, . . . v6} by edges
in G′ \H .
This will allow us to divide G′ into eight subgraphs that overlap only in the
subgraph H . To illustrate this, we will construct a new graph G′′ consisting of
the disjoint union of the eight subgraphs. Let’s first use H to create eight disjoint
triangles H1, . . . , H8, as at right in Figure 1. Note that this entails doubling each
edge of H and making four copies of each vertex. The vertices of G′′ will be those
of V (G′) \ V (H) along with the vertices of H1, . . . H8. So, we’ve added three extra
copies of each of the six vertices inH and, therefore, G′′ will have n−1+3(6) = n+17
vertices. The edges of G′′ will be those of G′ \H along with two copies of each edge
of H . Thus, G′′ will have 4n− 15 + 12 = 4(n+ 17)− 71 edges.
Now, the vertices of H1, . . . , H8 are connected as eight K3’s and the vertices in
V (G′′)\ (V (H1)∪ . . .∪V (H8)) are connected to one another as they were in G
′ \H .
To complete the construction of G′′, we need only describe how the edges between
vertices of H and vertices in V (G′)\V (H) are placed in G′′. For example, let’s look
at the edges incident on v1. Suppose w ∈ V (G
′) \ V (H) is a neighbor of v1. Then
w can be connected in G′ \ H to at most two other vertices of H . For example,
if w is also connected to v3 and v5, then in G
′′, we will connect w to the vertex
v11 in H1, because H1 is the triangle corresponding to the triangle v1v3v5 in H . If
w is connected to at most one other vertex in H , say v3, then in G
′′, we have the
choice of connecting w to H1 or H2 as those are the two triangles containing copies
of the vertices v1 and v3. We will adopt the convention of connecting it to the Hi
of lower index, in this case H1. That is, in G
′′ there will be an edge between w and
the vertex v11 in H1. Similarly, if w is connected to no other vertex in H , we have
four choices, H1, H2, H3, H4, of where to connect w in G
′′. Again, we will opt for
H1, the choice of lowest index. In a similar way, each neighbor w of v2, . . . , v6 is
attached to one of the graphs Hi. This placement is unambiguous if w is connected
to three vertices of H , it is made among a choice of two Hi if w is connected to
only two vertices, and it is made from a choice of four Hi if w is connected to only
one vertex in H . When there is a choice, we will use the Hi of least index i among
the given options.
This completes the construction of G′′. Let Gi be the connected component of
Hi in G
′′. Since G was connected, G′′ ⊂ ∪8i=1Gi. On the other hand, since we are
assuming there is no path in G′ \H connecting v1 and v2, v3 and v4, or v5 and v6,
the Gi must be disjoint. Now, G
′′ has n+17 vertices and 4(n+17)− 71 edges. By
the pigeon hole principle, this means that one of the subgraphs Gi has ni vertices
and at least 4ni−⌊71/8⌋ = 4ni− 8. edges. This means Gi is not simply a triangle,
so ni ≥ 7 (recall each vertex has degree at least six). Thus, Gi is a proper subgraph
of G that has a K6 minor.
Finally, suppose deg(a) = 7. Let H be the induced graph on the neighbors
of a. Again, each vertex must have degree 4 or more and there are fewer than
3(7)− 5 = 16 edges. There are several such graphs, but only one has no K5 minor.
This time it is a triangulation on seven vertices with two vertices of degree five and
five vertices of degree four, and with 10 triangles (see Figure 2). In this case G′′
has m = n+ 22 vertices and 4m− 89 edges. There must be a subgraph of G′′ that
has at least 4ni−
⌊
89
10
⌋
≥ 4ni− 8 edges. So, G has a subgraph that has a K6 minor,
implying G has a K6 minor. 
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Figure 2. A vertex of degree 7.
3. Complete and Complete Partite Graphs
In this section we present a classification of intrinsic linking of 0-deficient graphs,
i.e., complete and complete partite graphs. We also include the classification of
intrinsic knotting found in [BFHL] for the reader’s convenience. We begin with
some lemmas.
If we know that a graph G contains a linked (knotted) minor, then G must also
be linked (knotted) [NT]. Conversely, if we can realize G as a minor of an unlinked
(unknotted) graph, we deduce that G must also be unlinked (unknotted). A useful
lemma in this regard shows how we can combine parts of a k-deficient graph. Recall
that Kn1,n2,...,np denotes the complete p partite graph with ni vertices in the ith
part. Let Kn1,n2,...,np − k denote a graph obtained by removing k edges from
Kn1,n2,...,np .
Lemma 5. Kn1+n2,n3,...,np is a minor of Kn1,n2,...,np . Similarly, every graph of
the form Kn1,n2,...,np − k has a minor of the form Kn1+n2,n3,...,np − k.
Proof: Combining the n1 and n2 parts only involves removing edges between
vertices in the n1 part and the n2 part. Recall that with complete partite graphs,
the ordering of the subscripts is not important, so this lemma implies that we can
combine any 2 parts to get a minor of the original graph.
Now, suppose we have a complete partite graph with k edges removed and we
combine two parts. The result would be a complete partite graph with one fewer
part and at most k edges removed.
Furthermore, if, in Kn1,n2,...,nk − k, there are m edges missing between parts n1
and n2, we can see that Kn1,n2,...,nk − k has a minor of the form Kn1+n2,n3,...,nk −
(k −m). 
The other main technique we will use in our classifications (aside from The-
orems 1 and 2 and Lemma 5) is based on a lemma for intrinsic linking due to
Sachs [S] and an analogous result for intrinsic knotting due to [BFHL, OT]. Let
G +H denote the join of graphs G and H , i.e., the graph obtained by taking the
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union of G and H and adding an edge between each vertex of G and each vertex
of H .
Lemma 6 ([S]). The graph G+K1 is intrinsically linked if and only if G is non-
planar
Lemma 7 ([BFHL, OT]). The graph G+K2 is intrinsically knotted if and only if
G is non-planar
Surveying the methods that we will use in the rest of the paper, we see that we
will not be introducing any new minor minimal graphs for intrinsically knotting.
Indeed, if we use Lemma 7 to argue that a graph H = G + K2 is intrinsically
knotted, then, G must contain K5 or K3,3 as a minor. It follows that H contains
K7 or K3,3,1,1 as a minor. Similarly, Theorem 1 is based on showing that the
graph has a K7 minor. As our only other technique (demonstrating an intrinsically
knotted minor) relies on the graphs derived from K7 and K3,3,1,1 by triangle-Y
exchanges, our methods cannot introduce new minor minimal examples. In other
words, every intrinsically knotted graph that is 0-, 1-, or 2-deficient or a graph on
8 vertices necessarily has as a minor K7, K3,3,1,1 or a graph obtained from one of
these by triangle-Y exchanges.
Theorem 8. The complete k-partite graphs are classified with respect to intrinsic
linking according to Table 1.
k 1 2 3 4 5 ≥ 6
linked 6 4,4 3,3,1 2,2,2,2 2,2,1,1,1 All
4,2,2 3,2,1,1 3,1,1,1,1
not linked 5 n,3 3,2,2 2,2,2,1 2,1,1,1,1 None
n,2,1 n,1,1,1
Table 1. Intrinsic linking of complete k-partite graphs.
Remark: The n in the notation Kn,3 indicates that the property holds for any
number of vertices in the first part, i.e., none of the graphs K1,3, K2,3, K3,3, . . . are
intrinsically linked. For each k, the table includes minimal examples of intrinsically
linked complete k-partite graphs and maximal graphs which are not intrinsically
linked. For example, any complete 2-partite graph which contains K4,4 as a minor
is intrinsically linked. On the other hand, any complete 2-partite graph which is a
minor of a Kn,3 is not linked. Thus, Kl,m is intrinsically linked if and only if l ≥ 4
and m ≥ 4.
Proof:
Let us demonstrate that the graphs labeled “linked” in Table 1 are in fact intrinsi-
cally linked.
Sachs [S], and, independently, Conway and Gordon [CG] proved thatK6 is linked.
Any k-partite graph with k ≥ 6 contains K6 = K1,1,1,1,1,1 as a minor and is
therefore linked. For the remaining k, we appeal to work of Robertson, Seymour,
and Thomas [RST] who showed that a graph is intrinsically linked if and only if it
contains as a minor one of the seven graphs in the Petersen family. In particular,
K4,4 with one edge removed and K3,3,1 are both in this family. By combining parts,
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we see that, for 2 ≤ k ≤ 5, one of these two is a minor of each of the “linked” graphs
in Table 1.
For each of the “not linked” examples in Table 1 which involve a part with a
single vertex, the corresponding graph obtained by removing that vertex is planar.
Therefore, by Lemma 7, these graphs are not intrinsically linked.
Since a cycle requires at least three vertices, K5 has no disjoint pair of cycles
and is therefore not linked. The remaining “not linked” graphs in Table 1, Kn,3
and K3,2,2, are, respectively, minors of the unlinked graphs Kn,2,1 and K2,2,2,1. 
For the reader’s convenience, we reproduce the classification of knotted partite
graphs due to Blain, Bowlin, Fleming, Foisy, Hendricks, and LaCombe [BFHL] as
Table 2 below.
k 1 2 3 4 5 6 ≥ 7
knotted 7 5,5 3,3,3 3,2,2,2 2,2,2,2,1 2,2,1,1,1,1 All
4,3,2 4,2,2,1 3,2,2,1,1 3,1,1,1,1,1
4,4,1 3,3,1,1 3,2,1,1,1
not knotted 6 4,4 3,3,2 2,2,2,2 2,2,2,1,1 2,1,1,1,1,1 None
n,2,2 4,2,1,1 2,2,1,1,1
n,3,1 3,2,2,1 n,1,1,1,1
n,2,1,1
Table 2. Intrinsic knotting of k-partite graphs.
4. 1-deficient graphs
In this section we classify 1-deficient graphs with respect to intrinsic linking and
knotting.
Notation: Often, we will have to talk about a particular vertex or part. We will
refer to parts alphabetically with capital letters and vertices of those parts with
lower case letters. For example, in K4,3,1, we will call the part with 4 vertices part
A, the part with 3 vertices part B, and the part with 1 vertex part C. An edge
between parts A and C would be labeled (a,c).
4.1. Intrinsic linking.
Theorem 9. The 1-deficient graphs are classified with respect to intrinsic linking
according to Table 3.
Remark:
Note that most of these graphs have different types of edges. For some graphs,
removal of one edge (e.g., (a,b)) will result in a non-linked graph while the removal
of a different edge (e.g., (b,c)) will result in a linked graph. However, in many
cases, removal of any edge will result in the same categorization. In such cases we
simply write “-e”. For example, no matter which edge we remove from K3,2,2, we
will obtain a graph that is not intrinsically linked.
Proof:
Let us demonstrate that the graphs labeled “linked” in Table 3 are in fact in-
trinsically linked.
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k 1 2 3 4 5 6 ≥ 7
linked 7-e 4,4-e 4,3,1-e 2,2,2,2-e 2,2,1,1,1-(b,c) 2,1,1,1,1,1-e All
3,3,2-e 3,2,1,1-(b,c) 3,1,1,1,1-(b,c)
4,2,2-e 4,2,1,1-e 4,1,1,1,1-e
3,3,1,1-e 3,2,1,1,1-e
3,2,2,1-e 2,2,2,1,1-e
not 6-e n,3-e 3,2,2-e 2,2,2,1-e 2,2,1,1,1-(a,b) 1,1,1,1,1,1-e None
linked n,2,1-e n,1,1,1-e 2,2,1,1,1-(c,d)
3,3,1-e 3,2,1,1-(a,b) 3,1,1,1,1-(a,b)
3,2,1,1-(a,c) 2,1,1,1,1-e
3,2,1,1-(c,d)
Table 3. Intrinsic linking of 1-deficient graphs.
By Theorem 2, K7-e, K2,2,2,2-e, K3,2,1,1,1-e, K2,2,2,1,1-e, and K2,1,1,1,1,1-e are
intrinsically linked. Any 1-deficient graph with seven or more parts contains K7-e
as a minor and is therefore intrinsically linked.
Recall that K4,4-e is a Petersen graph. By Lemma 5, it’s a minor of K4,3,1-e,
K4,2,2-e, K4,2,1,1-e, K3,3,1,1-e, K3,2,2,1-e, and K4,1,1,1,1-e.
K3,3,2-e, and, by Lemma 5, K3,2,1,1-(b,c), K2,2,1,1,1-(b,c), and K3,1,1,1,1-(b,c) all
contain the Peterson graph K3,3,1 as a minor and are therefore intrinsically linked.
k 1 2 3 4 5
knotted 8-e 5,5-e 3,3,3-e 3,2,2,2-e 2,2,2,2,1-e
4,3,2-e 4,2,2,1-e 3,2,1,1,1-(b,c)
4,4,1-e 3,3,2,1-e 4,2,1,1,1-e
4,3,1,1-e 3,3,1,1,1-e
3,2,2,1,1-e
not knotted 7-e n,4-e 3,3,2-e 3,3,1,1-e 3,2,1,1,1-(c,d)
n,2,2-e 2,2,2,2-e 3,2,1,1,1-(a,b)
n,3,1-e 3,2,2,1-e 3,2,1,1,1-(a,c)
n,2,1,1-e 2,2,2,1,1-e
n,1,1,1,1-e
k 6 7 ≥ 8
knotted 2,2,1,1,1,1-(b,c) 2,1,1,1,1,1,1-e All
3,1,1,1,1,1-(b,c)
3,2,1,1,1,1-e
2,2,2,1,1,1-e
4,1,1,1,1,1-e
not knotted 2,2,1,1,1,1-(a,b) 1,1,1,1,1,1,1-e None
2,2,1,1,1,1-(c,d)
3,1,1,1,1,1-(a,b)
2,1,1,1,1,1-e
Table 4. Intrinsic knotting of 1-deficient graphs.
Next, we’ll argue that the “not linked” graphs are in fact not intrinsically linked.
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k 1 2 3 4
linked 7-2e 5,4-2e 4,3,1-{(b, c), e} 3,2,1,1-{(b1, c), (b1, d)}
4,3,1-{(a1, b1), (a1, b2)} 3,2,1,1-{(b1, c), (b2, c)}
4,3,1-{(a1, b1),(a1, c)} 4,2,1,1-{(b, c), e}
3,3,2-{(a1, b1), (a1, b2)} 4,2,1,1-{(c, d), e}
3,3,2-{(a1, c1), (a2, c1)} 4,2,1,1-{(a1, b1), (a1, b2)}
3,3,2-{(a1, c1), (b1, c1)} 4,2,1,1-{(a1, b1), (a1, c)}
3,3,2-{(a1, b1), (b2, c1)} 4,2,1,1-{(a1, c), (a1, d)}
3,3,2-{(a1, c1), (b1, c2)} 3,3,1,1-{(b, c), e}
3,3,2-{(a1, c1), (a1, c2)} 3,3,1,1-{(c, d), e}
4,2,2-{(b, c), e} 3,3,1,1-{(a1, b1), (a1, b2)}
4,2,2-{(a1, b1), (a1, b2)} 3,2,2,1-{(b, c), e}
5,3,1-2e 3,2,2,1-{(c, d), e}
4,4,1-2e 3,2,2,1-{(a, d), e}
4,3,2-2e 3,2,2,1-{(a1, b1), (a1, b2)}
3,3,3-2e 3,2,2,1-{(a1, b1), (a2, b1)}
5,2,2-2e 3,2,2,1-{(a1, b1), (a2, c1)}
2,2,2,2-2e
5,2,1,1-2e
4,3,1,1-2e
4,2,2,1-2e
3,3,2,1-2e
not linked 6-2e 4,4-2e 4,3,1-{(a1, b1), (a2, b1)} 3,2,1,1-{(a, b), e}
n,3-2e 4,3,1-{(a1, b1), (a2, b2)} 3,2,1,1-{(a, c), e}
4,3,1-{(a1, c), (a2, c)} 3,2,1,1-{(c, d), e}
4,3,1-{(a1, b1), (a2, c)} 3,2,1,1-{(b1, c), (b2, d)}
3,3,2-{(a1, b1), (a2, b2)} 4,2,1,1-{(a1, b1), (a2, b2)}
3,3,2-{(a1, b1), (b1, c1)} 4,2,1,1-{(a1, c), (a2, c)}
3,3,2-{(b1, c1), (b2, c2)} 4,2,1,1-{(a1, b1), (a2, b1)}
4,2,2-{(a1, b1), (a2, b2)} 4,2,1,1-{(a1, b1), (a2, c)}
4,2,2-{(a1, b1), (a2, b1)} 4,2,1,1-{(a1, c), (a2, d)}
4,2,2-{(a1, b1), (a2, c1)} 3,3,1,1-{(a1, b1), (a2, b2)}
4,2,2-{(a1, b1), (a1, c1)} 3,2,2,1-{(a1, b1), (a2, b2)}
3,2,2-2e 3,2,2,1-{(a1, b1), (a1, c1)}
n,2,1-2e 2,2,2,1-2e
3,3,1-2e n,1,1,1-2e
Table 5. Intrinsic linking of 2-deficient graphs
K6 (or K1,1,1,1,1,1) and K3,3,1 are Petersen graphs and therefore minor minimal
with respect to intrinsic linking [RST], so K6-e and K3,3,1-e are not intrinsically
linked by definition of minor minimal.
Kn,3-e, K3,2,2-e, Kn,2,1-e, K2,2,2,1-e, Kn,1,1,1-e, and K2,1,1,1,1-e are all not intrin-
sically linked before the edge is removed; so, naturally, we can remove an edge and
still have a non-intrinsically linked graph.
K3,2,1,1-(c,d) is equivalent to K3,2,2 which is not intrinsically linked.
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k 5 6 ≥7
linked 2,2,1,1,1-{(b1, c), (b2, c)} 2,1,1,1,1,1-{(a1, b), (a1, c)} All
2,2,1,1,1-{(a1, d), (b1, c)} 2,1,1,1,1,1-{(a1, b), (a2, b)}
2,2,1,1,1-{(b1, c), (b1, d)} 2,1,1,1,1,1-{(a1, b), (c, d)}
3,1,1,1,1-{(b, c), (c, d)} 2,1,1,1,1,1-{(b, c), (c, d)}
4,1,1,1,1-{(b, c), e} 3,1,1,1,1,1-2e
4,1,1,1,1-{(a1, b), (a1, c)} 2,2,1,1,1,1-2e
3,2,1,1,1-{(a, c), e}
3,2,1,1,1-{(b, c), e}
3,2,1,1,1-{(c, d), e}
3,2,1,1,1-{(a1, b1), (a1, b2)}
3,2,1,1,1-{(a1, b1), (a2, b1)}
2,2,2,1,1-2e
5,1,1,1,1-2e
4,2,1,1,1-2e
3,3,1,1,1-2e
not linked 2,2,1,1,1-{(a, b), e} 2,1,1,1,1,1-{(a1, b), (a2, c)} None
2,2,1,1,1-{(c, d), e} 2,1,1,1,1,1-{(a1, b), (b, c)}
2,2,1,1,1-{(b1, c), (b2, d)} 2,1,1,1,1,1-{(b, c), (d, e)}
2,2,1,1,1-{(a1, c), (b1, c)} 1,1,1,1,1,1-2e
3,1,1,1,1-{(a, b), e}
3,1,1,1,1-{(b, c), (d, e)}
4,1,1,1,1-{(a1, b), (a2, c)}
4,1,1,1,1-{(a1, b), (a2, b)}
3,2,1,1,1-{(a1, b1), (a2, b2)}
2,1,1,1,1-2e
Table 6. Intrinsic linking of 2-deficient graphs (cont.)
The remaining graphs all have a vertex that is connected to every other vertex,
and the removal of that vertex results in a planar graph. So, by Lemma 6, none
are intrinsically linked. 
4.2. Intrinsic knotting.
Theorem 10. The 1-deficient graphs are classified with respect to intrinsic knotting
according to Table 4.
Proof:
Let us demonstrate that the graphs labeled “knotted” in Table 4 are in fact
intrinsically knotted.
By Theorem 1, K8-e, K2,2,2,2,1-e, K3,2,1,1,1,1-e, K2,2,2,1,1,1-e, and K2,1,1,1,1,1,1-e
are intrinsically knotted. Any 1-deficient graph of eight or more parts will contain
K8-e as a minor and therefore be intrinsically knotted.
K5,5-e is intrinsically knotted as proved in [Sh].
K3,3,3-e andK4,4,1-e have the graphH9 of [KS] (derived fromK7 by two triangle-
Y moves) as a minor and are therefore intrinsically knotted. By Lemma 5,K3,3,2,1-e,
K3,3,1,1,1-e, and K3,2,2,1,1-e all have K3,3,3-e as a minor, so they too are intrinsically
knotted.
INTRINSIC KNOTTING AND LINKING OF ALMOST COMPLETE GRAPHS 11
k 1 2 3
knotted 8-2e 5,5-2e 3,3,3-{(a1, b1),(a1, b2)}
3,3,3-{(a1, b1),(b2, c1)}
4,4,1-{(a1, c),(b1, c)}
4,4,1-{(a1, b1),(b1, c)}
4,3,2-{(a1, b1),(a1, b2)}
4,3,2-{(a1, c1),(b1, c2)}
4,3,2-{(a1, c1),(b1, c1)}
4,3,2-{(b1, c1),(b2, c1)}
4,3,2-{(a1, c1),(a1, c2)}
4,3,2-{(a1, b1),(b2, c1)}
4,3,2-{(b1, c1),(b1, c2)}
5,4,1-2e
5,3,2-2e
4,3,3-2e
4,4,2-2e
not knotted 7-2e n,4-2e 3,3,3-{(a1, b1),(b1, c1)}
3,3,3-{(a1, b1),(a2, b2)}
4,4,1-{(a1, b1),(a1, b2)}
4,4,1-{(a1, b1),(a2, b2)}
4,4,1-{(a1, c),(a2, c)}
4,4,1-{(a1, b1),(a2, c)}
4,3,2-{(a1, b1),(a2, b1)}
4,3,2-{(a1, b1),(a2, b2)}
4,3,2-{(a1, c1),(a2, c1)}
4,3,2-{(a1, b1),(b1, c1)}
4,3,2-{(a1, b1),(a2, c1)}
4,3,2-{(b1, c1),(b2, c2)}
4,3,2-{(a1, c1),(a2, c2)}
4,3,2-{(a1, b1),(a1, c1)}
3,3,2-2e
n,2,2-2e
n,3,1-2e
Table 7. Intrinsic knotting of 2-deficient graphs
K4,3,2-e is intrinsically knotted. Depending on which edge is removed, the graph
will either have H9 of [KS] or K3,3,1,1 as a minor. Consequently, by Lemma 5,
K3,2,2,2-e, K4,2,2,1-e, K4,3,1,1-e, K4,2,1,1,1-e, and K4,1,1,1,1,1-e are intrinsically knot-
ted.
Finally, K3,2,1,1,1-(b,c), K2,2,1,1,1,1-(b,c), and K3,1,1,1,1,1-(b,c), all have K3,3,1,1
as a minor and are therefore intrinsically knotted.
Now we’ll show that the “not knotted” graphs are not in fact intrinsically knot-
ted.
K7 was shown to be minor minimally intrinsically knotted in [CG] and K3,3,1,1
was shown to be minor minimally intrinsically knotted in [F1], soK7-e (orK1,1,1,1,1,1,1-
e) and K3,3,1,1-e are not intrinsically knotted.
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k 4 5
knotted 3,2,2,2-{(b, c), e} 3,3,2,2-2e 3,2,1,1,1-{(b1, c),(b1, d)}
3,2,2,2-{(a1, b1), (a1, b2)} 5,2,2,1-2e 3,2,1,1,1-{(b1, c),(b2, c)}
3,2,2,2-{(a1, b1), (a2, b1)} 4,3,2,1-2e 4,2,1,1,1-{(c, d), e}
3,2,2,2-{(a1, b1), (a2, c1)} 3,3,3,1-2e 4,2,1,1,1-{(b, c), e}
4,2,2,1-{(b, c), e} 5,3,1,1-2e 4,2,1,1,1-{(a1, b1),(a1, c)}
4,2,2,1-{(c, d), e} 4,4,1,1-2e 4,2,1,1,1-{(a1, b1),(a1, b2)}
4,2,2,1-{(a1, b1),(a1, b2)} 4,2,1,1,1-{(a1, c),(a1, d)}
4,2,2,1-{(a1, b1),(a1, d)} 3,3,1,1,1-{(b, c), e}
3,3,2,1-{(c, d), e} 3,3,1,1,1-{(c, d), e}
3,3,2,1-{(a, d), e} 3,3,1,1,1-{(a1, b1), (a2, b1)}
3,3,2,1-{(a1, b1),(a1, b2)} 3,2,2,1,1-{(a, d), e}
3,3,2,1-{(b1, c1),(b1, c2)} 3,2,2,1,1-{(c, d), e}
3,3,2,1-{(a1, c1),(b1, c1)} 3,2,2,1,1-{(b, c), e}
3,3,2,1-{(a1, b1),(a2, c1)} 3,2,2,1,1-{(d, e), e}
3,3,2,1-{(a1, c1),(a2, c1)} 3,2,2,1,1-{(a1, b1), (a1, b2)}
3,3,2,1-{(a1, c1),(b1, c2)} 3,2,2,1,1-{(a1, b1), (a2, b1)}
4,3,1,1-{(b, c), e} 3,2,2,1,1-{(a1, b1), (a2, c1)}
4,3,1,1-{(c, d), e} 2,2,2,2,1-2e
4,3,1,1-{(a1, b1),(a1, b2)} 5,2,1,1,1-2e
4,3,1,1-{(a1, b1),(a1, c)} 4,3,1,1,1-2e
4,3,1,1-{(a1, c),(a1, d)} 4,2,2,1,1-2e
4,2,2,2-2e 3,3,2,1,1-2e
not 3,2,2,2-{(a1, b1),(a1, c1)} 3,3,1,1-2e 3,2,1,1,1-{(a, b), e}
knotted 3,2,2,2-{(a1, b1),(a2, b2)} 2,2,2,2-2e 3,2,1,1,1-{(a, c), e}
4,2,2,1-{(a1, b1),(a2, b1)} 3,2,2,1-2e 3,2,1,1,1-{(c, d), e}
4,2,2,1-{(a1, d),(a2, d)} n,2,1,1-2e 3,2,1,1,1-{(b1, c), (b2, d)}
4,2,2,1-{(a1, b1),(a2, b2)} 4,2,1,1,1-{(a1, b1),(a2, b2)}
4,2,2,1-{(a1, b1),(a2, c1)} 4,2,1,1,1-{(a1, b1),(a2, c)}
4,2,2,1-{(a1, b1),(a2, d)} 4,2,1,1,1-{(a1, b1),(a2, b1)}
4,2,2,1-{(a1, b1),(a1, c1)} 4,2,1,1,1-{(a1, c),(a2, c)}
3,3,2,1-{(a1, b1),(b1, c1)} 4,2,1,1,1-{(a1, c),(a2, d)}
3,3,2,1-{(a1, b1),(a2, b2)} 3,3,1,1,1-{(a1, b1),(a2, b2)}
3,3,2,1-{(b1, c1),(b2, c2)} 3,2,2,1,1-{(a1, b1),(a1, c1)}
4,3,1,1-{(a1, b1),(a2, b1)} 3,2,2,1,1-{(a1, b1),(a2, b2)}
4,3,1,1-{(a1, b1),(a2, b2)} 2,2,2,1,1-2e
4,3,1,1-{(a1, b1),(a2, c)} n,1,1,1,1-2e
4,3,1,1-{(a1, c),(a2, d)}
4,3,1,1-{(a1, c),(a2, c)}
Table 8. Intrinsic knotting of 2-deficient graphs (cont.)
In [BFHL], the authors show that K4,4 is not intrinsically knotted. In fact, the
proof really shows that Kn,4 is not intrinsically knotted, so, naturally, Kn,4-e is
not intrinsically knotted either. Similarly, K3,3,2-e, Kn,2,2-e, Kn,3,1-e, K2,2,2,2-e,
K3,2,2,1-e, Kn,2,1,1-e, K2,2,2,1,1-e, Kn,1,1,1,1-e, and K2,1,1,1,1,1-e are not intrinsically
knotted.
K3,2,1,1,1-(c,d) is equivalent to K3,2,2,1.
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The remaining 5 graphs each have 2 vertices connected to every other vertex. If
those 2 vertices are deleted, the resulting graph is planar, so by Lemma 7, they are
not intrinsically knotted. 
k 6 7 ≥8
knotted 2,2,1,1,1,1-{(b1, c),(b2, c)} 2,1,1,1,1,1,1-{(a1, b),(a1, c)} all
2,2,1,1,1,1-{(b1, c),(b1, d)} 2,1,1,1,1,1,1-{(a1, b),(a2, b)}
2,2,1,1,1,1-{(a1, d),(b1, c)} 2,1,1,1,1,1,1-{(a1, b),(c, d)}
3,1,1,1,1,1-{(b, c),(c, d)} 2,1,1,1,1,1,1-{(b, c),(c, d)}
4,1,1,1,1,1-{(b, c), e} 3,1,1,1,1,1,1-2e
4,1,1,1,1,1-{(a1, b),(a1, c)} 2,2,1,1,1,1,1-2e
3,2,1,1,1,1-{(a, c), e}
3,2,1,1,1,1-{(b, c), e}
3,2,1,1,1,1-{(c, d), e}
3,2,1,1,1,1-{(a1, b1), (a1, b2)}
3,2,1,1,1,1-{(a1, b1), (a2, b1)}
2,2,2,1,1,1-2e
5,1,1,1,1,1-2e
4,2,1,1,1,1-2e
3,3,1,1,1,1-2e
not 2,2,1,1,1,1-{(a, b), e} 2,1,1,1,1,1,1-{(a1, b),(b, c)} none
knotted 2,2,1,1,1,1-{(c, d), e} 2,1,1,1,1,1,1-{(b, c),(d, e)}
2,2,1,1,1,1-{(b1, c), (b2, d)} 2,1,1,1,1,1,1-{(a1, b),(a2, c)}
2,2,1,1,1,1-{(a1, c), (b1, c)} 1,1,1,1,1,1,1-2e
3,1,1,1,1,1-{(a, b), e}
3,1,1,1,1,1-{(b, c), (d, e)}
4,1,1,1,1,1-{(a1, b),(a2, b)}
4,1,1,1,1,1-{(a1, b),(a2, c)}
3,2,1,1,1,1-{(a1, b1),(a2, b2)}
2,1,1,1,1,1-2e
Table 9. Intrinsic knotting of 2-deficient graphs (cont.)
5. 2-deficient graphs
In this section we give the classification of 2-deficient graphs with respect to
intrinsic linking and knotting in Tables 5, 6, 7, 8, and 9. The argument justifying
this classification is very similar to that presented in the last section and we will
not include it here. See [MOR] for a full account.
Notation: We will expand the notation that we created in the last section by
adding subscripts to the vertices. For example, if we are removing two edges be-
tween parts A and B ofK4,3,1, there are 3 cases to be considered: deleting two edges
that share a vertex from part A (K4,3,1-{(a1, b1), (a1, b2)}), deleting two edges that
share a vertex from part B (K4,3,1-{(a1, b1), (a2, b1)}), and deleting two edges that
share no vertices (K4,3,1-{(a1, b1), (a2, b2)}). Also, in some cases, if we delete a
particular edge we can then delete any other without affecting the classification
of the resulting graph. For example, if we delete edge (b,c) from K4,3,1, we can
then delete any other and still have an intrinsically linked graph; we will denote
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graphs obtained in this way by K4,3,1-{(b, c), e}. Furthermore, in some cases, we
can delete any 2 edges and still have an intrinsically linked graph; for example,
K7 will be intrinsically linked no matter what 2 edges we delete. We denote these
graphs K7-2e.
6. Graphs on 8 vertices
In this section we provide a classification of intrinsically knotted graphs on 8
vertices. This classification was recently independently presented by Blain, Bowlin,
Fleming, Foisy, Hendricks, and LaCombe [BFHL].
Graphs on 8 vertices are subgraphs of K8. We will examine in turn subgraphs
which are obtained by removing 1, 2, 3, . . . edges from K8. We have already
noted that K8, K8 − e, and both K8 − 2e graphs are intrinsically knotted. Of the
five graphs K8 − 3e, the three which are intrinsically knotted can all be obtained
by removing two edges from K2,1,1,1,1,1,1. (See classification of 2-deficient graphs
above. Note that 2, 1, 1, 1, 1, 1, 1−{(a, b), (c, d)} and 2, 1, 1, 1, 1, 1, 1−{(b, c), (c, d)}
are the same graph.)
There are 11 graphs of the form K8 − 4e. Seven of these are not knotted as
they can be realized by removing an edge from one of the two unknotted K8 − 3e
graphs. The remaining four are intrinsically knotted. Three of these four are of the
form K2,2,1,1,1,1 − 2e. The fourth is obtained by removing 4 edges all incident to
the same vertex. This graph is intrinsically knotted as it contains K7 as a minor.
There are 24 graphs K8 − 5e. All but 4 of these are not knotted as they are
minors of an unknottedK8−4e. The four intrinsically knottedK8−5e’s are perhaps
most easily described in terms of their complementary graphs. In Figure 3, Graph
Figure 3. Intrinsically knotted K8 − 5e’s
i is K3,2,1,1,1 − (b, c), or, equivalently, K3,1,1,1,1,1 − {(b, c), (c, d)}. The other three
graphs in the figure have K7 as a minor and are, therefore, intrinsically knotted.
Of the 56K8−6e graphs, all but 6 are minors of unknottedK8−5e’s. In Figure 4,
Figure 4. Intrinsically knotted K8 − 6e’s
Graph i is K3,2,1,1,1 − {(b1, c), (b1, d)} while Graph ii is K3,3,1,1, or, equivalently,
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K3,2,1,1,1 − {(b1, c), (b2, c)}. The remaining four graphs are obtained by splitting a
vertex of K7 and are therefore intrinsically knotted.
Only 2 of the K8 − 7e graphs are not minors of some unknotted K8 − 6e. One
of these two is H8 [KS], the graph obtained by a single triangle-Y exchange on K7.
The other is K7 with one additional vertex. These are both intrinsically knotted.
Moreover, K7 and H8 are minor minimal [KS]. Thus any subgraph of K8 obtained
by removing 8 or more edges is not intrinsically knotted.
In total then, there are twenty intrinsically knotted graphs on 8 vertices.
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